A family of sequences produced by a non-homogeneous linear recurrence formula derived from the geometry of circles inscribed in lenses is introduced and studied. Mysterious "underground" sequences underlying them are discovered in this paper.
Introduction
We investigate a new family of integer sequences. They are generated by a geometric construction, which we now describe.
Start with three circles of curvatures a, b, and c centered on the same line, so that pairs of consecutive circles are tangent, as in the left side of Figure 1 .1. The three circles determine a pair of congruent circles that are simultaneously tangent to the original triple (right side of Figure 1 .1). The common region formed by this pair defines a symmetric lens. Now, continue to inscribe circles inside the lens, as shown in Fig. 1.1 . The resulting chain of circles defines a bilateral sequence of curvatures (b i ), i ∈ Z. Sequences obtained this way will be called lens sequences.
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We investigate a new family of integer sequences. They are generated by a geometric construction, which we now describe. The common region formed by this pair defines a symmetric lens. Now, continue to inscribe circles inside the lens, as shown in Fig. 1.1 . The resulting chain of circles defines a sequence of curvatures (b i ). Clearly, the sequence is bidirectional, i∈Z. Sequences obtained this way will be called lens sequences.
Terminology:
The resulting circles form lens circle chain. We shall say that a triplet of circles (a,b,c) generates the lens sequence, and will call it a seed of the sequence. Notice that any three consecutive terms of a lens sequence may form a seed. Two circles that form the lens will be called lens circles. Terminology. The resulting circles form a lens circle chain. We shall say that a triplet of circles (a, b, c) generates the lens sequence, and we will call it a seed of the sequence. Notice that any three consecutive terms of a lens sequence define a seed. The two circles that form the lens will be called lens circles.
Notation. Typically, we denote circles and their curvatures by the same letter (circle a has curvature a, i.e., radius 1/a).
Our opening result (proved in the next section) is this:
Theorem A. Let a, b and c be the curvatures of the initial three circles generating a lens sequence, b =0. Then the sequence is determined by the following inhomogeneous three-term recurrence formula: Constants α and β are "invariants" of the sequence -their values may be determined from any three consecutive terms of the sequence.
If a, b, c as well as α and β are integers, then (b n ) is an integer sequence. Surprisingly, this family of sequences includes a wide range of known sequences [9] . However, for some of these sequences, properties that we develop in this paper seem to be new. For now, let us look at a few examples. conspicuous. They correspond to the Examples 1, 2, and 3, given above (up to scaling). This observation was the author's initial motivation for this study. The negative term of Example three (the third figure) has a clear geometric meaning: it is the curvature of the greatest disc in the sequence, which, unlike the other sequence discs, contains the lens circles (as well as the rest of the sequence). Certain circle packings, known as Apollonian gaskets [5] , result in integral curvatures for all of the circles (see e.g., [4] ). One such gasket, an Apollonian Window (see [2, 3] ), is presented in Fig. 1 .2. Interestingly, it contains an infinite number of lens sequences, from which the three shown in Fig. 1 .2 are especially conspicuous. They correspond to the Examples 1.1, 1.2, and 1.3, given above (up to scaling). This observation was the author's initial motivation for this study.
The negative term of Example 1.3 (the third one in Figure 1 .2) has a clear geometric meaning: it is the curvature of the greatest disc in the sequence, which -unlike the other discs in the sequence -contains the lens circles (as well as the rest of the sequence).
A number of interesting features are common to all lens sequences:
1. Limits. In many cases, the limit of the ratios of consecutive entries is well defined. For instance, referring to the above examples:
These numbers are examples of Pisot numbers and will be called characteristic constants of the sequences denoted λ = (α + α 2 − 4).
Sums.
The reciprocals of curvatures are the circles' radii. Their sum is determined by the length of the lens. For instance: 
Example 3. Also non-symmetric lens sequences can be expressed this way. For instance, the sequence extended from (6, 2, 3), which is (. . . 2346 299 39 6 2 3 15 110 858 6747. . . ), with the recurrence b n = 8b n−1 − b n−2 − 7, may be obtained from
The above properties are known for some of the sequences, but now they acquire a geometric interpretation. Other related concepts include geometry of inversions, Chebyshev polynomials, etc.
The most remarkable and perhaps surprising property is that the integer lens sequences are "shifted squares" of yet deeper integer "underground" sequences. This discovery is the topic of the final section of this paper.
Recurrence formula from geometry
In this section we prove Theorem A on the recurrence formula for lens sequences. A reader interested in the algebraic properties of these sequences may skip it without loss of continuity.
We shall need a theorem on circle configurations generalizing that of Descartes' theorem on "kissing circles" ( [1, 2] ). If C 1 and C 2 denote two circles of radii r 1 and r 2 respectively, and d denotes the distance between their centers, then one defines a product of the circles as
which we propose to call the Pedoe product. Its values for a few cases are shown in Figure  2 .1. For any four circles C i , i = 1, . . . , 4, define a configuration matrix f as the matrix with entries
where the brackets denote the Pedoe inner product of circles.
between their centers then one defines a product of the circles as T is the vector made of the curvatures of the four circles, and where F= f -1 is the inverse of the configuration matrix.
Remark 1: Equation (2.1) is only a fragment of the full matrix formula, which incorporates also the positions of the centers of the circles. For more on this theorem, its proof, and the associated Minkowski geometry of circles, see [K1]. For our purposes Formula (2.1) is sufficient.
Notation:
In the following by a lens we mean "symmetric lens" -the intersection of interiors (exteriors) of two congruent circles, called in this context lens circles. A chain of circles is a sequence of circles such that every two consecutive circles are tangent. 
T is the vector made of the curvatures of the four circles, and where
is the inverse of the configuration matrix.
Remark 2.2. Equation (2.2) is only a fragment of the full matrix formula, which incorporates also the positions of the centers of the circles. For more on this theorem, its proof, and the associated Minkowski geometry of circles, see [2] . For our purposes Formula (2.2) is sufficient.
Notation. In the following by a lens we mean "symmetric lens" -the intersection of the interiors (exteriors) of two congruent circles, called in this context lens circles. A chain of circles is a sequence of circles such that every two consecutive circles are tangent.
We are now ready to prove the basic result. 
for some constants α and β, with
where K is the Pedoe product of the two lens circles and A = 1/R is the curvature of each lens circle.
Proof. Consider two consecutive circles in the lens, of curvatures say a and b. Denote the curvatures of the circles that form the lens by A, and their Pedoe product by K (K = cos ϕ, if the circles intersect). The configuration matrix f and its inverse are easy to find. In the case of converging lenses we can read it off from Fig. 2 .2a:
where the indices are ordered as (A, A, x, y). Its inverse F is easy to find, and the master equation (2.1), after multiplying by a factor of 8, becomes:
This quadratic equation is equivalent to:
One may solve it for y to get two solutions (corresponding to two signs at the square root):
Note that the two solutions y 1 and y 2 correspond to the two possible circles tangent to x: one on the left and one on the right. To eliminate radicals, add the two solutions:
Since the triple (y 1 , x, y 2 ) forms a sequence in a chain of inscribed circles, we may label these curvatures as b n−1 = y 1 , b n = x, and b n+1 = y 2 , to get
which is equivalent to (2.3). The case of the diverging lens results from similar reasoning, with slightly different initial matrix F . Then the sequence of the circle curvatures is determined by the following three-term recurrence formula: Proof. We apply Theorem 2.1 in each of the three steps to a different quadruple of circles.
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Proof: We apply Theorem 2.1 in each of the three to a different quadruple of circles. Step 1. Consider a configuration of four circles: a triple of three consecutive circles in the chain, say a, b, c, and one of the circles forming the lens, say d=1/R. The Pedoe product of two external circles a and c may be easily evaluated; since the distance between their centers is (1/a+2/b+1/c), we have:
ab bc ca b
Denote the main fraction of the last expression by z = 
(the order of entries is: abcd). Step 1. Consider a configuration of four circles: a triple of three consecutive circles in the chain, say a, b, c, plus one circle forming the lens, say d = 1/R. The Pedoe product of two external circles a and c may be easily evaluated; since the distance between their centers is (1/a + 2/b + 1/c), we have:
Denote the main fraction of the last expression by z = ab+bc+ca b 2
. Then the configuration matrix and its inverse are 
This gives us the curvature of each of the two lens circles. Now we need to find the product of these two lens circles.
Step 2. Use a quadruple of circles: a, b, and the two circles forming the lens, d and d . The latter two have the same curvature d = d , the value of which we know from the previous step. The goal is to find the Pedoe product K = d, d . The configuration matrix and its inverse are
Step 3. Now we can either build the matrix for configuration (c) in Figure 2 .2 and mimic the proof of Theorem 2.3, or simply substitute for K from (2.6) in (2.4) to get the result.
More on lens geometry
Although we are mainly interested in the algebraic properties of lens sequences, some geometric properties explicate their algebraic behavior. Below, we summarize basic facts.
Proposition 3.1. The radius R of the lens circles is determined by three circles and may be expressed in terms of the sequence constants α and β:
The Pedoe inner product of the lens circles is
where the last equation is valid if the circles intersect. The length L of the lens, if defined, is
The separation of the lens circles (distance between their centers) is
Proof. All are direct corollaries of Theorem 2.3 and simple geometric constructions. 2 categorizes a variety of geometric situations for a lens sequence. In the case of converging lenses, when two circles of radius R intersect at angle ϕ, the recurrence formula is:
This answers the question of which lenses may lead to integer sequences. Indeed, denote n = 8 1+cos ϕ
. Then α = n − 2, β = −n/R. For n to be an integer, n ∈ N, we need cos ϕ = 8/n − 1. Table 3 .1 shows some values. . Then α = n -2 , β = -n/R. For n to be an integer, n∈N , we need cos ϕ + 1 = 8/n, or cos ϕ = 8/n -1. Here is a table of some values: disjoint lens circles Note that if α 2, then only external sequences are possible (corresponding to diverging lenses). Moreover, if α < 2, then the integer sequence must be periodic. If α > 2, then we can have two families of sequences: inner (inside a converging lens) or outer (outside the lens circles, i.e., inside a corrupted diverging lens (corrupted, because of the missing central part)). In the case of the outer sequence we will have exactly one negative entry (the most external circle) or two adjacent "0" entries (two vertical lines). 
where α and β are constants determined by the original triple:
and b 0 = a and
The values of the constants α and β do not depend on the particular choice of the triplet of consecutive terms (seed). Moreover, if α > −2, then the sequence may be interpreted in terms of a chain of circles inscribed in a lens made by two disks each of curvature R −1 = −β/(α + 2) separated by distance δ = 4R/ √ α + 2. Formal integer lens sequences exist also for α < −2 (see Table 4 .4 for examples), but in such a case the geometric interpretation is unclear as the distance between the lens circles becomes imaginary. In general, lens sequences take real values. However, if any three terms of a lens sequence are rational, so is the whole sequence. The question whether a particular seed produces an integer sequence will be answered for now this way: 
(ii) If α ≥ 2 then the sum of the reciprocals converges and equals:
(iii) If α >2 then the limit of the ratios of consecutive terms exists and equals:
(iv) If α = 2, then the lens sequence generated from a seed (a, b, c) has the following Binet-like formula b n = wλ n +wλ n + γ (4.6) where
and where
andw andλ denote conjugates of w and λ in Q(
Proof. 
For large values of n, since the sequence is divergent, the last term becomes irrelevant and the equation becomes λ = α − 1/λ, or simply with the solution as above. Figure 4 .1 provides the geometric insight, which also relates λ to the lens angle via similar triangles. (iv) Define a new sequence whose entries are shifted by a constant, namely a n = b n + β/(α − 2). The sequence (a n ) satisfies a homogeneous three-term recurrence formula a n = α a n−1 − a n−2 , which resolves to 4.6 by the standard procedure.
The value of λ (given by (4.5)) will be called the characteristic constant of the sequence. The ring over rational numbers generated by √ α 2 − 4 plays an important role in other properties of lens sequences, as we shall soon see. Note that the sequence constant α may be expressed in terms of the characteristic constant in a graceful way:
Alternative generating formulae
Note that the three term formula (4.1), with given coefficients α and β, requires only two initial entries to produce a sequence. Yet not all such initial values will produce a lens sequence of the type under discussion. This is because arbitrary initial values b 0 and b 1 do not need to be geometrically inscribable into a lens defined by α and β as two consecutive circles. The following will clarify the situation:
Proposition 4.4 (Compatibility condition). Two consecutive circles a and b in a lens chain satisfy the following condition:
Proof. Eliminate c from the expressions for α and β in (4.2), and simplify.
The above formula may actually be used as an alternative definition of lens sequences. Indeed, Proposition 4.5. Consider the following properties:
The following descriptions of a sequence (b i ) are equivalent:
(i) Recurrence (a), and constants (b) for some n (definition of a lens sequence);
(ii) Recurrence (a) and compatibility condition (c) for some n;
(iii) Any of the two constant formulas (b) for all n;
(iv) Compatibility condition (c) for all n.
Proof. Let us show that the compatibility condition together with the recurrence theorem imply our standard formulas for both α and β. Starting with (ii) we get
Subtracting b 2 n+1 from both sides, we get b
To get α, substitute this result in the compatibility condition and simplify. The other equivalences follow easily.
Here is yet another intriguing formula that will prove itself handy later.
Proposition 4.6. Constant α has an alternative form involving any four consecutive entries of a lens sequence:
Proof. Start with the formula for β and express it as follows:
Use the recurrence formula to modify the left-hand side of the last equation,
Now extract α to get 4.9.
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Integrality condition
Lens sequences are self-generating in the sense that any three consecutive entries (a, b, c), a seed, determine the whole sequence (unless b = 0). The question is how to choose seeds (a, b, c) in order to obtain lens sequences that are integer. Below we give only a partial answer to this problem of integrality conditions; the last section will provide the solution.
Definition 4.7. An integer lens sequence is primitive if the common divisor of three consecutive entries is 1.
Proposition 4.8. If gcd(b k , b k+1 , b k+2 ) = n holds for some k, then it holds for all k ∈ Z.
Proof. If n divides each of (b k , b k+1 , b k+2 ), then it divides β of the recurrence formula. Hence it divides the neighboring terms b k+2 and b k−1 . By induction, n divides every term of the sequence.
Recall that to insure that α and β are integers, we need to choose (a, b, c) so that b|ac and b 2 |ab + bc + ca, or, equivalently, that b 2 |(a + b)(b + c). Thus triples of the form (a, 1, c) always generate integer sequences for any a, c ∈ N . For now, let us review the following families of integer lens sequences:
A. A sequence is called central if it contains a triple of the form (a, b, a). Only b = ±1 leads to primitive integer sequences.
B. A lens sequence is called bicentral, if it contains a quadruplet of the form (a, b, b, a).
Only if b is chosen from {0, 1, 2}, does a primitive integer sequence result. (For the case b = 0, the seed needs to be chosen in the form (0, a, c)).
In either case A or case B, the sequence is called symmetric. C. Here is a method of getting a not-necessarily symmetric integer sequence: choose arbitrarily a couple (a, b) and some integer k (only one of a or b can be negative). Then a seed (a, b, c) with
will generate an integer sequence. Indeed, calculate the recurrence constants α and β from (4.10) to get the integer values
The triple of integers [a, b; k] will be called the label of a lens sequence of this type. (Note that it includes the symmetric lens sequences as a special case; for examples of non-symmetric sequences, see Table 4 .2.)
The pair (a, b) in the label may be chosen so that it contains the smallest element of the sequence. But the above types of sequences do not exhaust the possibilities, as this example shows:
. . . 2331, 407, 77, 21, 15, 35, 161, 897, 5187 . . . , which is a lens sequence with recurrence formula b n = 6b n−1 − b n−2 − 34. We will arrive at a general rule that produces all integer lens sequences and an improved version of the integrality criterion in the last section.
Invariants
The formulas for the coefficients α and β in the recurrence formula (4.1) may be represented diagrammatically as shown in Figure 4 .5, which exhibits the coefficients' algebraic "structure" (the mnemonic role aside). The dots on the line represent the consecutive terms of the sequence. The arcs represent products of the joined terms, and the position above/below the line position indicates their appearance in the numerator/denominator of the formula. Dotted lines are to be taken with the negative sign. 
Expressing α in terms of λ we also obtain
Other representations of the formula for w include:
.
Note that re-indexing the sequence so that another term of (b n ) becomes the central "b 0 " will change the value of w in the formula (4.6).
In order to better understand the situation, note the following simple general rule for this type of recurrences: Theorem 4.9. Let a sequence (x n ) be given by the following Binet-like formula
for some constants a, b, c and ω. Then the sequence satisfies a non-homogeneous 3-term linear recurrence formula
Moreover, if |ω| > 1 then lim n→∞ x n+1 xn = ω, and for large n we have x n aω n + c.
Proof. Direct. First note that (4.12) for the (n + 2)-nd term gives
Adding these two gives, after some simple algebraic operations:
which is equivalent to (4.12).
Looking at the above, one hardly escapes the thought that lens sequences could be "explained" in terms of Chebyshev polynomials. This path did not however return any deeper insight. Instead, consider the following.
19
Underground sequences
There are still some mysteries in the structure of lens sequences. One of the most remarkable properties is this: the entries of an integer lens sequence are products of consecutive pairs of a certain "underlying" integer sequence. Here is an example of a sequence of Vesica Piscis (A011922, see Example 1.1 in Section 1):
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Underground sequences
There are still some mysteries of the structure of lens sequences. One of the most remarkable property is this: the entries of an integer lens sequence are products of consecutive pairs of a certain "underlying" integer sequence. Here is an example of sequence of Vesica Piscis (A011922 , see Example 1 in Section 1):
Thus the lens sequence may be represented as b i = x i-1 x i , for some integer "underground" sequence (x i ). We present the formalism of this amazing and unexpected property. 
and where (b n ) satisfies the "compatibility condition"
and therefore forms a lens sequence.
Sequence (x i ) will be called in this context the underground sequence of sequence (b i ). It is a three-term linear recurrence sequence (x i ) with variable "constants".
Before we prove the above, let us first prove this property:
The following is an invariant of a sequence (8.1),
Proof: Let p denote a or b, depending whether n is even or odd (it will not matter). Then Figure 5 .1: Diagrammatic representation of the lens sequence invariants, calculated from the underground sequence (cf. Fig. 3. 2)
The above result leads to another property of lens sequences:
Corollary 5.7. The sum of any pair of consecutive terms of a lens sequence is a multiple of a square, namely:
where p stands for k or s, depending on the parity of n.
For example, the sums of two consecutive entries of A011922 are perfect squares: For example, the sums of two consecutive entries of A011922 are perfect squares:
The sequence of symbol [1,1;3] Any integer quadruple s (p, q) k leads to an integer lens sequence. And vice versa, given a seed of a primitive sequence (a, b, c) , we easily reproduce the symbol:
Proposition 5.9. The lens sequence generated by s (p, q) k is primitive if and only if
Proof. Write the "central" four terms of the underground sequences and the corresponding lens sequence:
. . ., a = (sp − q)p, b = pq, c = q(kq − p), . . . (a, b; k) corresponds to the symbol
Remark 5.11. To use this generator of sequences as a unique label system for lens sequences, one would have to remove the ambiguity of the choice of the initial terms. We may demand that, say, p = f 0 has the smallest absolute value among (f i ) and that |f −1 | > f 0 f 1 .
Remark on diagrammatic use of symbols. The first of the following two diagrams means that 13 is obtained as 13 = 5 × 3 − 2. The second represents equation 2 = 5 × 3 − 2:
33 considered triplets of form (a,b;k) that label a large family of lens sequences (see (3.10), but not all of them. The existence of underground sequences allows one to label all lens sequences.
Definition 8.4:
A symbol of a lens sequence is the quadruple s (p, q) k which defines the underground sequence (x i ) with x 0 = p, x 1 = q, and with constant s and k in (8.1), and therefore defines the corresponding lens sequence (b i ),
k defines a lens sequence via its seed (a,b,c) = ((sp -q)p, pq, q(kq -p)).
Any integer quadruple s (p, q) k leads to an integer lens sequence. And vice versa, given a seed of a primitive sequence (a,b,c), we easily reproduce the symbol: Now, the symbol 1 (2, 3) 5 may be graphically developed into an underground sequence (f i ), and consequently into a lens sequence (b i ), in the following way:
Now, a symbol 1 (2,3) 5 may be graphically developed into an underground sequence (x i ), and consequently into a lens sequence (b i ), this way:
Note that only the four central terms of (x i ) suffice to get the three central terms of (b i ), which suffice to get the constants α and β. The latter determine the rest of (b i ). They may also be obtained directly from equations (8.2) and (8.2').
Note also that the recurrence formula for sequence (x i ) is bidirectional and may diagrammatically be represented as shown below: 
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Note that the four central terms of (f i ) suffice to generate the three central terms of (b i ), which yield the constants α and β. The recurrence formula for sequence (f i ) is bilateral and may be represented diagrammatically as shown below:
34
Note also that the recurrence formula for sequence (x i ) is bidirectional and may diagrammatically be represented as shown below:
Towards the meaning of the underground sequence
Finally, let us consider yet another recurrence formula for lens sequences and its surprising context. Let us start with this: (the sequence of natural numbers interlaced with odd natural numbers): f n = n if n is odd n/2 if n is even Table 5 .1: Examples of underground sequences f for some integer lens sequences b.
Towards the meaning of the underground sequence 
